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Abstract—The cardan joint mechanism enables the
transmission of the rotation movement between two shaft trees
which form a constant or variable angle in time. This
mechanism is of the third family , as a consequence, multiple
statically indeterminate and for calculating the reactions from
the kinematic pairs it is applied the elastic linear calculation
using the relative displacements method noted in pliicker
coordinates. In this paper are deducted the calculation relations
and is established the mathematical model for determining the
efforts of the ideal (without technical deviations) cardan joint
mechanism, starting from the RRRR spatial quadrilateral
mechanism.The results of the numerical solving of this problem
will be presented under the form of a diagram and will be
commented.

Keywords—cardan joint, cardan transmission, elastic
calculation.

. INTRODUCTION

EING statically undetermined [1]-[4], for the 4R

spherical quadrilateral mechanism is necessary to

be used the elastic linear calculation for calculating
the reactions.

The obtained results allow us to conclude the
influence of geometrical and mechanical parameters over
the unitary efforts that appear in the kinematic pairs of
the cardan joint mechanism.

1. GENERAL ASPECTS

The mechanically speaking (static) , the 4R
mechanism has unknown the reactions from the
kinematic pairs A, 2, 3, 5, 6, 8 and also the moment
from the joint A (see Fig. 1.), in total 31 unknowns and
18 equations, result in 13 times statically undetermined.
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Fig. 1. Symmetrical Spherical Quadrilateral Mechanism.

For determining these components a linear elastic
calculation is used.In the following, a mathematical
model with being elaborated for the linear elastic
calculation of reactions, a model that has as basis the
method of relative displacements, presented in paper [5],
with the notation in pliicker coordinates.

In the elastic calculation the joint from A is blocked
(see Fig. 1.), the thing that explains the apparition as
unknown of the axial moment at that point.

The pivotal points 1, 4, 7, have the displacements {Al}
. {A,} . 1A, ), and the pivotal points with the cinematic

couples 2, 3, 5, 6 have left-right displacements with {Asz}
IR SRS RN RTINS
Pivotal point 8 has the displacement to the left {A‘“’s}

and to the right {A3 = {0} .
So the relations are written under the form:

)

From the pivotal points balance results
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[K13 Al
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[Kau A% - A0 b+ [K a0 JnA%
<[E42]&24%_A +[E43]%i4}}
+ KT ia)
Ty R [Km]{éds}
% Aat +[K67] %%

[Kea A%
+ [K76]{ A,

[Kshia
+[K78]{A7} {As} = {O}

o

[Kij]:[Kji] , where [Kij] , is the rigidity matrix of the
ij element.Are noted

[Kidl=[Kial+[Kp ]+ [Kos]

[Ka2ol=[KaiJ+[K2a]

[Kasl=[Kaul+[Kaa] 5

[Kaal= [Kaol+ [Kas]+ [Kas]+ [Kag]
[Kss]=[Ksal+[Ks7] 5 [Keol=[Koal+ [Ks7]

[K77]= [Kas]+ [Ke]+ [Kos]

®)

and taking into account the relations (1) it results

[, s )= 0}
[ e A+

+§2[K24]{U } {}
[Kss]{A } [KaoHa. )+

+§3[K34]{U } {}
[ a3+ [K s Jos - [K s Ja -+

9 +§3[K34]{U } {}
~[Koolia)-[kosKas - [ks Ja, 1+

+§5[K57]{U } {}
_[K64]{A4}+[K66]{A } [K67]{A }

+Eo[Ker JUs)= 0}
[ Ko J- [ e Jas J [ s - B [ Us )

- ge[Km]{U }+ gB[K78]{U }= {0}

The notations are made as

[ Jad}

[ %
[ A+ [ S

~[Ka: KA}

(4)
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{§}=[§2:§3:§5v§6v§8r
[V,]=[1,0,0,00]; [V5]=]0.1.0,00] ; [Vs]=[0,0,1,0,0]

®)

[Vs]=[0,0.01,0] ; [Vs]=[0.0,0,01]

& [i] being the elastic rotations respectively the
elastic rotations matrix from the kinematic pairs [5], [6]
and |V;] the matrix that verifies the relation

g =[v.Ke}

and &,[K,s U, } =[Ko U, V. Jie} . and the analogue.
[U;] being the column matrixes of the pliicker

coordinates attached to the kinematic pairs [5], [6].
Also, the notations are made

(6)

Kl ~[ki] ~[Kis] [o]
[kl [l ] -IKad]
-[Kai] [o] [Kas]  [Kadl
[K1]= [0] —[K42] —[K43] [K44]
Pl Pl -[ks] [o]
Pl [l  -lKel [o]
o] ] [l ]
I ] [l ]
LI [l  [o]
I [l [o]
~[K4s] ~[Ks] [o]
[Kes] [ -[ks]
[o] [Kes] -[Ker]
~[Kzs] =[Ks] [<77] | )
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o] -
[K2Ku v, ]
[Kau{usfvs]
dv IRl |
[Ks7 Kus vl
[KerKUe Vel

—[K57]{u5}[v5]j|<67§u6%v6,+

K78 U8 V8

[K2]=

and then the equations (4) are combined into the equation
[k, Ka}+ [k, Ke}= o} €)

equivalent with 42 scalar equations.
Isolating the left side of the pair 2, (see Fig. 1.) results
that

{R.}= {Esz }= [K21]{{A82 }— {a, }} (10)

/_m\ (R

-.{EQS}

Fig. 2. The isolation of couple 2.

R] . {Ef} being the column matrixes of the plucker
coordinates of the reactions from the kinematic pairs [5],

[6] respectively the column matrixes of the efforts from
the bar from the left of the kinematic pairs. And the

analogue
’{Rs } = {Ess }= [Ksl]{{Ass }_ {Al}}
|Re)-Es}- s s - o)) an
Ro}={Ee )= Iaulfins -2}
{Re}= 3 }- )= [Ke s - 10 - )

[F], being the column matrixes of the pliicker
coordinates of the external load.

As [5], {J } =0 and AS} ~&{U,} the

equations are obtalned

~2 [K21]{A =0
3] ko as - 0. [kadia =0
=0
=0

o) [ Jos 0. [kl
o) [Kaulias -0
0] [k Jas -0 ) [ Ko}
o) [<ecfat}- 00
Gaf )

(12)

Jof <ot - 06 f [oalins)
~8 [K87]{A +§8{U8} [K87] 8}={08}T[F]'

With the notations

_{Gz}T[Kzl] _{GZ}T[KH] 0
{Gs}T[Ksl] 0 _{63}T[K31]
[K;]=|0 0 0
0 0 0
B 0 0 (13)
0 0 0 0 ]
0 0 0 0
bS}T[KSAt] _{GS}T[K54] 0 0
{Je}T[KM] 0 —éje}T[Kezt] 0
0 0 0 o [Ksa]l
0000 0 1 [ o ]
0000 0 0
kl-foooo o |[f] o |9
0000 0 0
|0 0 00 {Dg }T [k 78]{U8 }_ _{~ 8 }T [F]_

the equations (11) are combined in the matrix equation

[k Ka}+ <. Je}= F} (15)

equivalent with 5 scalar equations.
The equations (7), (15) can be narrowed with the

notations
[K]zl[Kl]1 [Kz]]_ 5)

[a] [K,]

ol o

equivalent with 47 equations with 47 unknowns from
which results {A}and {£} , and the reactions and efforts

in the equation
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are calculated with the relations (10), (11) in which

=&, }.

It is considered the cardan joint mechanism from Fig.
3.The mechanism's elements have the following
geometrical and mechanical characteristics: the lengths
l; =1=006[m], the diametersd; =d=002[m], the

sections A , the elasticity modules E = 21~1011lN / mZJ,

Gle-lOlolN/sz , and the main central inertial
moments |, | =1y +1l, , i=12,.14.The

NUMERICAL APPLICATION

iy liz ix

mechanism is driven by torque M =1[N -m].

o
%A_@L
@,4

Fig. 3. Indexing bars.

The solving the mathematical model can be done
using any conventional method of calculation numerical
[7]. On the basis the mathematical model presented in
this paper and the algorithm which will be presented in
the next paper, has been realized in Excel a calculation
program of the reactions from the kinematic pairs of the
mechanism.As a result of numerical simulations were
obtained the following results.

In the case where the angle between the cardan shafts

a=0°, the reaction forces and moments
Ry RSy \RY MO M% ,M%, from the kinematic
pair A, in the general system of reference varies as

shown in Fig. 4. and Fig. 5. and in the local system of
reference varies as shown in Fig. 6. and Fig. 7.

is

Reaction force [N]
1

0,5
Rax’ Ray® Raz’
o
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-1
o=0° Angle of rotation 0 [degrees]

Fig. 4. The variation diagrams of reaction forces in the general
reference system in kinematic pair A, for a=0°.
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Reaction moment [N-m]
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Fig. 5. The variation diagrams of reaction moments in the
general reference system in the kinematic pair A, for a=0°.
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Fig. 6. The variation diagrams of reaction forces in the local
reference system in the kinematic pair A, for a=0°.
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Fig. 7. The variation diagrams of reaction moments in the local
reference system in the kinematic pair A, for a=0°.

For the reaction from the kinematic pair 2, in general
reference systems, are obtained the values presented in
Fig. 8. and Fig. 9. and in own reference systems values
presented in Fig. 10. and Fig. 11.
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Fig. 8. The variation diagrams of reaction forces in the general
reference system in the kinematic pair 2, for a=0°.
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Raaction moment [N-m] Fzaction moment [N-1m]
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Fig. 9. The variation diagrams of reaction moments in the =10 Angle of rotation 8 [dsgrees]

? . N o
general reference system in the kinematic pair 2, for =0 Fig. 13. The variation diagrams of reaction moments in the

general reference system in the kinematic pair A, for a=10°.

Feaction force [IN]

C L I 11 From the diagrams of variation it is noticed that the

5

. components Rgx ,RXY ,Rgz , MXX ,MgY ,MRZ , in the

3 system local of reference aren't constant.Their variation

: depends on the angle 4, .In Fig. 14., Fig. 15., Fig. 16. and

1

. Rox Rz Fig. 17. are represented the variation of the reaction

T L T forces and moments Ry ,Ray Rz, My .My M2
a=0" Anglaof rotation ) [dagrass] AX AY AL AX AY AL

Fig. 10. The variation diagrams of reaction forces in the local in the local system of reference for o =20, =30".

reference system in the kinematic pair 2, for a=0°.
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Fig. 14. The variation diagrams of reaction forces in the local

Fig. 11. The variation diagrams of reaction moments in the reference system in the kinematic pair A, for a=10°.

local reference system in the kinematic pair 2, for a=0°.

From the variation diagrams it is found that the Feaction mement [N-m]
reaction forces and moments are constant in the local 0z Vi "
systems of reference for all kinematic pairs.For the case o ==t oITTSEeel I =
where the angle between cardan shafts has o =10° 02 e
-04
have obtained the reactions Rgx ROy ,Rgz , Moy, s
-0 By
MXY ,Mf\z which varies as shown in Fig. 12. and Fig. _’: _______ =
13. a2
oe=107 Angla of sotation By [dazrass]
Reaction force [N] Fig. 15. The variation diagrams of reaction moments in the
L8 local reference system in the kinematic pair A, for a=10°.
1 Rna//\\ //'\\
o3 / \ | R’ / \ Then, when the angle « increases, o =20",a =30°
a o —] | e — LA ] 1
o \)\ SD/L/l 0 o’\io 2[0/ B w0 ab the solution for the components Ruy,Ray,Raz .
1 ';;"_ N S MAX M ay MAZ are represented in Fig. 16., Fig. 17.,
a5 Fig. 18. and Fig. 19.
o=0° Angle of rotation 6 [degrees]

Fig. 12. The variation diagrams of reaction forces in the
general reference system in the kinematic pair A, for a=10°.
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Fig. 16. The variation diagrams of reaction forces in the local
reference system in the kinematic pair A, for a=20°..
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Fig. 17. The variation diagrams of reaction moments in the
local reference system in the kinematic pair A, for a=20°.
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Fig. 18. The variation diagrams of reaction forces in the local
reference system in the kinematic pair A, for a=30°..
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Fig. 19. The variation diagrams of reaction moments in the
local reference system in the kinematic pair A, for a=30°.

The maxim value of the axial reaction R,y from
kinematic pairs A, increases from O[N] (a=0") to
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1,3[N] (a=10"), to 3,2[N] («¢=20") and to 5,3[N] (
o = 30°), the reaction having also negative values.

V. CONCLUSIONS

The elastic calculation and the relative displacements
method makes possible the determination of the reactions
from the kinematic pairs of the 4R spherical quadrilateral
mechanism, that is multiple statically indeterminate.

Following the numerical simulations made with the
program realized using the mathematical model from the
present paper, the following conclusions can be taken.

1. For a=0° in the general system of reference

OX,YoZ, the reactions force and moments after

axes directions OY, and OZ, vary with the angle
6, and in the local system of reference they

remain constant.In contrast to the 4r asymmetrical
spherical quadrilateral mechanism (from which
derived the cardan joint mechanism) wherein all
kinematic pairs appears an unbalanced axial
force[6], the axial forces (after axe directionOX,,

) from all kinematic pairs in the general system of
reference have the zero value (they are
balanced).Also as it was expected the reaction
moment from the kinematic pair A is equal and
opposite torque applied in D , and is evenly
distributed at half from the value on the kinematic
pairs 2, and 3.

1. For a#0° the reactions forces and moments aren't
constant, both in the local and general system of
reference. Their variation depends on the angle
6.

2. The values of the reaction forces and moments
from the kinematic pairs are increasing as the
angle between cardan shafts « increases.
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